Expressions relating the bispectral reflectance of a stack of n fluorescing layers to each individual layer's reflectance and transmittance are derived. This theoretical framework is used together with recently proposed extensions of the Kubelka-Munk model to study the fluorescence from layered turbid media. For one layer over a reflecting background, the model is shown to give the same results as a previous model. The extension to n layers with different optical properties allows simulating the bispectral reflectance from a pad of layered turbid media. The applicability of the model is exemplified with an optimization of fluorophore distribution in layered turbid media.
INTRODUCTION
Fluorescence is the reemission of a photon upon absorption by a substance called a fluorophore. The phenomenon is extensively used in medical diagnosis [1, 2] and to enhance the appearance of textiles and paper products [3] . A fluorophore can be characterized by its absorption, its quantum efficiency (ratio of the number of emitted photons to the number of absorbed photons), and its emission spectrum. The fluorescing properties of a material with a fluorophore will also depend on the scattering and absorption properties of the environment surrounding the fluorophore. In layered structures, this includes the optical properties of all the layers.
Several models including fluorescence in turbid media are based on Monte Carlo methods [2, 4, 5] or radiative transfer theory [6] . However, for industrial applications, approximate analytical solutions are of interest. Several advances have been made recently in extending the classical Kubelka-Munk theory (KMT) [7, 8] to fluorescing media. Kokhanovsky [9, 10] derived a simple analytic extension of the KMT including fluorescence, which allows calculation of the fluorescence of a finite thickness layer both in reflection and in transmission, or on a black background. A solution for multiple layers is needed for layered materials such as tissues and especially for paper, whose reflectance properties are usually measured on an opaque pad of identical layered samples. Scattering and absorption in a multi-layered system has been extensively investigated for biological media within the diffusion approximation [11] [12] [13] , but the proposed models do not consider fluorescence. Recently, Yudovsky and Pilon [14] included internal reflections at the interface between the medium and the surrounding air and extended the Kokhanovsky model to normally incident light, to strong forward scattering, and to varying fluorophore concentration within the layer. The scattering and absorption coefficients were assumed to be constant with depth. Simonot et al. [15] derived a solution to the case of a single homogeneous fluorescing layer on an opaque reflecting background.
This article presents a general solution to the case of multiple layers with different scattering, absorption, and fluorescing properties. It thus allows us for the first time to calculate the bispectral reflectance from n fluorescing layers within a Kubelka-Munk framework. In Section 2, the reflectance and transmittance coefficients from one excitation wavelength to one emission wavelength of a two-layer construction are derived by summing all possible paths within the layered structure, and the solution to n layers is then obtained by iteration. For the case of a single fluorescing layer over a reflecting background, the model proposed here is shown in Subsection 3.A to coincide with the model from Simonot et al. To illustrate the applicability of the proposed model, it is used in Subsection 3.B to optimize the vertical distribution of fluorophores in order to maximize fluorescence from a layered turbid medium. This is of great interest for industrial applications, for example, when optimizing the whiteness of paper and board using the lowest possible concentration of expensive fluorophores. Section 4 contains the concluding discussion.
MULTILAYER FLUORESCENCE MODEL
The layered medium that we consider is represented schematically in Fig. 1 . Each layer is described with a reflectance (R layer xx ) and a transmittance matrix (T layer xx ). The subscripts indicate the excitation and emission wavelengths, and the superscripts, the layer number. These single layer reflectance and transmittance matrices can be measured with a bispectrophotometer [16] . They can also be calculated with, e.g., the models derived by Kokhanovsky [9] , Simonot et al. [15] , or Yudovsky and Pilon [14] from the layer scattering (S) and absorption (K) coefficients, quantum efficiency (Q), and thickness (t), or with any other model relating these medium characteristics to the reflectance and transmittance matrices.
The layered medium is assumed to be illuminated at excitation wavelength λ 1 . The reflectance matrix element R 
which can be rewritten as
where
. Hence,
Similarly, the transmittance of two layers is given by 
Equations (3) and (5) are the main results of this article. The reflectance and transmittance from λ 1 to λ 1 are obtained with the Stokes equations, giving
The reflectance and transmittance from λ 2 to λ 2 are obtained in the same manner. Equations (3-7) thus allow calculation of the reflectance and transmittance matrices of the two-layer structure from the individual layer matrices. As illustrated in Fig. 1 , the matrices of a three-layer construction can be obtained by first computing the matrices of the two first layers and then computing the matrices of this two-layer construction on top of a third layer. Iterating this n times gives the matrices for n layers. Using generalization to complete excitation and emission spectra with n wavelengths leads to n × n matrices. For polychromatic illumination, the total radiance factor β can be obtained as
where Eλ is the normalized spectral distribution of the illuminant [18] .
APPLICATIONS
This section describes how the proposed model is used together with single layer fluorescence models to relate the bispectral reflectance of layered media to the layers' optical properties. The reflectance coefficient R . Schematic description of a structure with n layers. Each layer is described by the bispectral reflectance and transmittance matrices that can be calculated from the spectral scattering (S) and absorption (K) coefficients and the quantum efficiency (Q) of the layer.
scattering and absorption coefficients of the fluorescing layer are given in Table 1 . Figure 2 shows the normalized reflectance, R 
B. Optimization of the Vertical Distribution of Fluorophores in Layered Papers
We then consider a three-layer medium consisting of a middle layer and two identical outer layers. This is typically a coated paper, for which the reflectance properties are generally measured using an opaque pad of identical samples. Equations (3) and (5) is computed for an increasing number of threelayer media on top of each other until the transmittance of the layered medium is less than 10 −5 at both wavelengths. We calculate R tot 12 versus outer layer thickness for different scattering coefficients in the outer layers and different amounts of fluorophores in both layer types, i.e., different K layer λ 1 . We can thereby vary the distribution of fluorophores within this three-layer structure. The scattering coefficient and the thickness of the middle layer are held constant, using S 2 30 μm −1 and t 2 30 μm, and the scattering coefficients are assumed to be wavelength independent, i.e., S layer λ 1 S layer λ 2 . These thicknesses and scattering and absorption coefficients are typical values for coated fine papers. For simplicity, the quantum efficiency is the same in all layers, i.e., Q 1 Q 2 , and K 1 λ 2 K 2 λ 2 10 −5 μm −1 . Figure 3(a) shows R tot 12 ∕Q 1 versus outer layer thickness for three different S 1 values in the outer layer (the different curve styles) and two different pairs of absorption coefficients in the layers (gray and black curves). Figure 3(b) shows the corresponding reflectance for an opaque pad. The results demonstrate that increased light scattering in the outer layers leads to a decrease of the fluorescence efficiency. At t 1 t 2 ∕2 15 μm, the middle layer thickness equals the sum of the outer layers' thickness. Since K 1 K 2 is held constant, the total amount of fluorophore in the structure is then the same for the two pairs of absorption coefficients in the layers. 
It is
Thus, the present model predicts well why it is more efficient to concentrate the fluorophores in the outer layer. This can be understood as scattering and nonfluorescing absorption at the excitation wavelength in the top layer impeding fluorescence in the second layer.
DISCUSSION AND CONCLUSIONS
We have extended the Stokes equations for layered media to fluorescing layers. The bispectral reflectance and transmittance matrices of a stack of n fluorescing layers with different scattering and absorption properties have been related to the corresponding matrices of the individual layers through simple analytical expressions. The applicability of the proposed framework was exemplified by simulating the effect of different vertical distributions of the fluorophore in a three-layer paper sample at different scattering and absorption coefficients in the layer. The results show that the fluorophores are more efficient in the outer layer than in the middle layer and that scattering of the excitation wavelength in the outer layer reduces the fluorescence efficiency. Fluorescence can thus be maximized by placing the fluorophores in a top layer with a low scattering coefficient. In this application, diffuse illumination is required by the KMT. However, Eqs. (3)- (7) are general and can be expanded as a function of the incident, reflection, and transmission angles. Directional illumination can be handled by modeling the top layer with the model from Yudovsky and Pilon [14] , which can also be used to include internal reflection at the boundaries between layers of different refractive indexes.
APPENDIX A: KOKHANOVSKY SINGLE-LAYER MODEL
Kokhanovsky derived a solution to a generalization of KMT for the case of monochromatic illumination of a sample by a doublet of lines λ 1 and λ 2 of equal intensity. The reflectance Rλ 2 and transmittance Tλ 2 coefficients at the emission wavelength λ 2 are determined from the scattering and absorption coefficients at excitation wavelength [Sλ 1 and Kλ 1 ], the scattering and absorption coefficients at emission wavelength [Sλ 2 and Kλ 2 ], the quantum efficiency Q from λ 1 to λ 2 , and the layer thickness t, with the following set of equations: 
where r ∞ λ is the reflectance of a semi-infinite layer at λ given by the KMT [7, 8] :
The reflectance coefficient R 
In the same manner, the transmittance coefficient T 
where βλ Kλ∕Kλ 2Sλ p , 
